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Increasing non-contacts and non-response rates in sample surveys.
Variety of new, often large, data sources (e.g. big data) that are not
error free (e.g. missing data).

Increasing need to impute (e.g. nearest neighbours) and link
different sources (e.g. propensity matching, mass imputation).
Methods, based on distance matrices, used in official statistics are
not suitable to deal with large, high dimensional, data sources.

On the other hand, industry developed variety of different
high-performance open source libraries for neighbours search (e.g.
Annoy by Spotify, FAISS, pysparnn by Facebook).

According to authors' knowledge there are no studies regarding
impact of using approximate nearest neighbour algorithms on
imputation estimators.
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What are approximate nearest neighbours?

Given a finite dataset X C R? and real € > 0, x* € X is an e-approximate

nearest neighbour of query q € R, if dist(g,x*) < (1 + €)dist(g, x) for
all x € X.

Figure 1: lllustration of exact and approximate near neighbour. Source:
Avrithis, Emiris and Samaras (2016)
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Why to bother with other methods to find NN?
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Figure 2: Comparison of computation times for four methods included in VIM
package. Source: Kowarik and Templ (2016)
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Research questions

@ How approximate nearest neighbours search is related to
construction of imputation classes?

@ How approximate nearest neighbours imputation is related to other
imputation methods used in official statistics such as exact nearest
neighbours imputation, predictive mean matching or hot-deck
imputation?

© What is the performance of approximate nearest neighbours
imputation in terms of bias and mean square error? Is there
a difference between implementation of algorithms?
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Literature review — imputation

o Imputation classes / cells
o Number of imputation classes and how they are created — e.g.
Little (1988), Haziza & Beaumont (2007).
o CART —e.g. Toth & Eltinge (2011), Phipps & Toth (2012).
@ k (exact) nearest neighbour imputation
o Theoretical basis of k-nearest imputation (inference) — Chen &
Shao (2000, 2001), Andridge & Little (2010), Yang & Kim (2017a),
o Matching on propensity scores (incl. predictive mean matching)
— Yang & Kim (2017a), Abadie & Imbens (2006, 2008, 2011, 2016),
o Mass imputation — Kim & Wang (2018), Yang & Kim (2018),
Rivers (2007).
@ Other topics

o Record linkage and de-duplication — cf. Chen, Shrivastava &
Steorts (2018), Schnell (2015).
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Literature review — the notation

o Let Fy ={(xj,y:,0;) : i =1,..., N} denote a finite population, where
x; is always observed, y; has missing values and §; = {0, 1} is
response indicator.

o We assume that Pr(6 = 1|x,y) = Pr(6 =1, x).

@ Objective is to estimate u = N~! Z,N:1 g(y;) for some known g{(.).

@ The nearest neighbour imputation (NNI) estimator is given by

Hg,NNI N Z — {5 g yi)+(1-0)g (%’(1))} y (1)

i€A
where y;(1) is nearest neighbour that satisfies d(x;(1y,x;) < d(x;j,x;).
@ The imputation estimator based on predictive mean matching
(PMM) is given by

flrvm = N Z {5:)/: (1—=8)yin)} (2)

iEA

where y;(1) is nearest neighbour that satisfies
d(Mjey, M) < d(Mj, M;) where M; = m(x;, B).
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Literature review — what we know about imputation by NN

Following, Abadie & Imbens (2006, 2016), Yang & Kim (2017a), we can
study asymptotic properties of imputation estimator fi, yn by decompos-
ing as follows

Vn (g, nwi — Hg) = Dy + B, (3)
where Dy is variance and By is bias defined as follows
Yy L1 s la) — gl 4)
i€A

where . (x;(1)) — Ug(x;) is the matching discrepancy and B, contributes
to the asymptotic bias of the matching estimator.

o Abadie & Imbens (2006, 2016) showed that if the matching variable
x is p-dimesional then d(x;(1), X;) = Op(nfl/p).

o This means that if p > 2 the bias By = 0,(n'/271/P) # 0,(1).
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Literature review — what we know about imputation by
PMM

Following, Abadie & Imbens (2006, 2016), Yang & Kim (2017a), we can
study asymptotic properties of predictive mean matching estimator {ig, ppim
by decomposing as follows

Vn (g, pvm — 1g) = Dn(B) + Bu(B), (5)
where Dy(B) is variance and By(f) is bias defined as follows
= Yy L1 miiB) — mixi B, (6)
i€A

where m(x;(1); B)—m(x;; B) is the matching discrepancy and B, contributes
to the asymptotic bias of the matching estimator.

@ For PMM we use m(x) to look for nearest neighbours, which is done
scalar and hence By = O,(n'/271/1) = 0,(1) which is
asymptotically negligible.
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Classification of ANN search

Classification of methods:

o

o

Space partitioning methods — hierarchical partitioning methods;
mainly based on creating trees (graphs).

Locality Sensitive Hashing (LSH) methods.

Filter-and-refine methods based on projection to a lower-dimensional
space.

Filtering methods based on permutations .
Methods that construct a proximity graph.

Miscellaneous methods.

Common steps for approximate nearest neighbour search:

o

o

Build an index of observations based on variables from input data
and selected algorithm.

Query the index based on the same variables with selected radius
(higher the radius, faster the search).
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Idea of ANN — k-d trees
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Figure 3: Kd-tree (left) and a box-decomposition tree (right). Source: Mount
(2006)
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|dea of ANN — hyperplanes (e.g. Annoy)
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Figure 4: Annoy random
hyperplanes used to divide the
space. Source: Bernhardsson
(2015)

Figure 5: Binary trees for hyperplanes. Source:
Bernhardsson (2015)
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|ldea of ANN — Locality Sensitive Hashing
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Figure 6: NearPy pipeline based on hashing data
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Literature review — open-source software

@ Imputation related

o yalmpute::ann — it contains ANN (C++) library for exact searching
of nearest neighbours (Crookston and Finley (2007)).

o miceExt::match_multivariate — it uses ANN (C++) library for
exact predictive mean matching (from RANN package).

o General use

o R — FNN, RANN, RANN.L1, nms1ibR, RcppAnnoy and many more,

o Python — nn2, Annoy, nmslib, faiss,
sklearn.neighbors.NearestNeighbors,
sklearn.neighbors.LSHForest and many more.
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Simulation studies — data mechanisms

For the simulation studies we generated population variables (cf. Yang
& Kim 2017a,b) with sample sizes N = 10 000, 50 000 according to the
following models

Yl :—1+X1+X2+€,
Yy =—1.167+ X + Xo 4+ (X1 — 0.5)2 4+ (X, — 0.5)2 +¢,  (7)
Y3 :—1.5+X1 +X2+X3+X4+X5+X6+€,
where X1, X5, X3 where generated independently from U[0, 1] and Xy, X5, X, €

were generated independently N(0,1). The response mechanism (75%)
was generated according to

log <lp> = 0.2+ X1 + Xa. (8)

We did not consider non-ignorable non-response as hot-deck (incl. nearest
neighbour) imputation are not suited for this case.
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(Limited) simulation study — settings

For the simulation studies we considered:
@ The census case — using only a response mechanism,

In the simulation study we focused on bias and MSE of exact and approx-
imate nearest neighbours for the following settings:

o matching based on m() (i.e. predictive mean matching),

@ matching based on X1, X;.

For both cases we consider Euclidean distance (i.e. L2 norm) and only one
neighbour (k=1).
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Simulation study — settings

Q Different algorithms to search donors and impute missing
data:
o Hot-deck imputation with no imputation classes (HD), 5 classes
based on quantiles.
o K-D tree exact nearest neighbours (KD-ENN),
o K-D tree approximate nearest neighbours (KD-ANN),
o Annoy approximate nearest neighbours (Annoy),

@ For the simulation study we used R 3.5.1 (Microsoft R Open) and
packages:

o RcppAnnoy 0.0.10,
o yaImpute 1.0.29.
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Simulation study — measures of quality

o Monte Carlo Absolut Relative Bias (RB) given by

ARB(y)) = |Mw x 100%|, (9)

where Eyjc = R~ Zr 1y, ) and y, is the imputed estimator in
r-th sample, r =1,., R

@ Monte Carlo Relative Absolute Root Mean Square Error (RRMSE)
given by

MSEwc(y
ARRMSE(j;) = |S+C(y’) x 100%|, (10)

N2
where MSEpyc (77) = R 1Y R | (y,(” - Y)
We set R = 500.
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Simulation study — the census case (N=10 000)

Imputation based on m() i.e. predictive mean matching using hot-deck
with /without imputation classess, exact and approximate NN and Annoy.

Method  Var ARB ARRMSE Method  Var ARB ARRMSE

Hot-deck Y1 385.03 393.60 ANN Y1 1.90 70.88
(no classes) Y, 367.90 376.95 (eps=2) Y2 1.61 77.23
Y; 387.25 414.65 Ys 9.70 77.15

Hot-deck Y1 31.66 82.05 ANN Y1 3.25 70.23
(5 classes) Y,  24.82 79.22 (eps=5) Y2 0.95 77.26
Y3 52.52 100.03 Ys 8.73 77.57

ANN Y1 1.76 71.24 Annoy Y1 386.43 392.98
(exact) Y2 1.97 77.25  (trees=1) Y, 370.28 376.50

Y3 9.72 76.52 Yz 383.48 403.61

ANN Y1 1.74 70.85 Annoy Y1 386.42 392.97
(eps=1) Y- 1.47 7746  (trees=5) Y 370.23 376.46
Y3 9.47 76.62 Yz 383.49 403.62
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Simulation study — the census case (N=10 000)

Imputation based on Xj, X, using exact and approximate NN and Annoy.

Method Var ARB ARRMSE Method Var  ARB ARRMSE
KD-ENN Y1 21.55 74.28 KD-ANN Y1 13.60 70.79
(exact) Y> 26.60 77.48 (eps=5) Y> 22.03 78.00
Ys 45.08 148.40 Y; 51.67 150.42

KD-ANN Y1 35.10 78.49 Annoy Yy 1477 73.28
(eps=1) Y> 40.58 84.16 (trees=1) Y, 20.36 77.33
Ys 57.20 150.09 Ys 35.34 147.77

KD-ANN Y1 3571 79.39 Annoy Yy 2253 74.73
(eps=2) Y> 43.22 85.24 (trees=100) Y> 27.25 77.80
Ys 72.85 158.67 Ys 4444 148.79
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Conclusion

Based on our (limited) simulation studies the following conclusions may
be stated:

o Approximate nearest neighbour creates imputation classes and due
to that performs better than hot-deck imputation.

@ Imputation classes are created on a dataset without missing data
and thus we avoid problems in creating cells (e.g no donors).

@ Annoy performs poorly in 1d space while for higher dimensions is
better.

o Looking for approximate nearest neighbours in close range (eps=1,2)
may lead to decrease in ARB and ARRMSE.

General remarks regarding the topic

@ Each method has many different parameters and can be tuned.

@ In most cases methods are based on different heuristic algorithms
and implementations can be very different.
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